The Bott class of transversely holomorphic foliations is studied. We ÿrst introduce a formula which relates the Bott class and the Godbillon-Vey class. Then a 'localizable part' of the Bott class is deÿned. It is indeed localizable and written in terms of the Godbillon measure studied by Heitsch and Hurder. The above-mentioned formula is reviewed in terms of localizable parts. Finally, complex codimension-one foliations are considered. A version of residue is introduced and it is shown that the Bott class is 'localized' near the Julia set in the sense of Ghys-Gomez-Mont-Saludes. Some examples of calculation of the residue are presented. ?
Introduction
Secondary characteristic classes such as the Godbillon-Vey class play a signiÿcant role in the theory of foliations. In studying characteristic classes, it is very important to ÿnd 'on which part of the foliated manifold the class exists'. In this paper, we discuss this problem for transversely holomorphic foliations, especially in the case where complex codimension is equal to one.
For real foliations, this problem is studied by Duminy, Heitsch-Hurder, et al. The most important characteristic class is the Godbillon-Vey class, which is deÿned as follows. Let F be a foliation of a manifold M , of real codimension n. Denote by T F the set of vectors tangent to the leaves, and set Q(F) = TM=T F. For simplicity assume that F is transversely orientable, that is, the bundle n Q * (F) is the trivial line bundle. Then there is a trivialization, say, ! of n Q * (F). This is an n-form such that T F = ker ! = {X ∈ TM |-X ! = 0}, where -X denotes the inner product by X . By Frobenius' theorem, there exists a 1-form, say, Á such that d! = 2 Á ∧ !. The Godbillon-Vey class is by deÿnition the cohomology class represented by Á ∧ (dÁ) n and denoted by GV n (F). In real codimension-one case, there is a following signiÿcant result of Duminy [13] (see also Cantwell-Conlon [10] ).
Theorem D (Duminy): Let F be a real codimension-one foliation of a closed manifold M , then the Godbillon-Vey class can be localized to an open neighborhood of the union of the resilient leaves. In particular, the Godbillon-Vey class is non-trivial only if there is a resilient leaf.
Here a leaf of a foliation is said to be resilient if it has a contracting holonomy which attracts the leaf itself. It is known that resilient leaves have exponential growth. Thus the above theorem implies that if the Godbillon-Vey class is non-trivial, then there is a leaf of exponential growth.
One of the key points in the proof of the above theorem is considering the Godbillon-Vey class as a measure deÿned on the -algebra of Lebesgue measurable saturated sets. Another point is the analysis of this measure by using the structure of minimal sets, in particular, its classiÿcation.
To ÿnd an appropriate version of the above theorem for higher codimensional foliation is one of the most important problems. In this line, Heitsch-Hurder developed the theory of Godbillon measure, and obtained the following:
Theorem HH (Duminy [13] , Heitsch-Hurder [21] ): Let F be a real foliation of a closed manifold M , of real codimension n. Denote by B(F) the -algebra of Lebesgue measurable saturated sets. Then there is a measure, called the 'Godbillon measure', on B(F) from which one can deÿne elements GV n (F) B of H 2n+1 (M ) for B ∈ B(F) in a way such that GV n (F) Bi , (3) GV n (F) M = GV n (F), where the right-hand side is the original Godbillon-Vey class.
The classes GV n (F) B as above are called the localization of the Godbillon-Vey class to B in the sense of Heitsch-Hurder. One of the most important facts used to show this theorem is that the Godbillon-Vey class is naturally represented by a di erential form of maximal transverse degree, namely, a di erential form locally written as ! ∧ dy 1 ∧ dy 2 ∧ · · · ∧ dy n , where (y 1 ; : : : ; y n ) is any local coordinate in the transversal direction.
In the case of transversely holomorphic foliations, there is a complex secondary class deÿned in a similar way to the Godbillon-Vey class (see Bott [8] , also Chern-Simons [11] ). Let F be a transversely holomorphic foliation of complex codimension q. LetQ (0; 1) (F) be the complex subbundle of TM ⊗ C locally spanned by leaf tangent vectors and 9 9 z 1 ; : : : ; 9 9 z q , where (z 1 ; : : : ; z q ) is any local holomorphic coordinate in the transverse direction. The complex bundle Q (1; 0) (F) = TM ⊗ C =Q (0; 1) is called the complex normal bundle of F. Assume that q Q (1; 0) (F) * is trivial, then there is a trivialization, say, !. It is a q-form such thatQ (0; 1) (F) = ker !, and it follows from the Frobenius-Nierenberg theorem [12] that there is a 1-form Á such that d! = 2 √ −1Á ∧ !. The coho-mology class represented by Á ∧ (dÁ) q is called the Bott class and denoted by Bott q (F). Note that unlike the real case, the triviality of q Q (1; 0) (F) * is essential. Indeed, the Bott class is well-deÿned only if this bundle is trivial and there exist foliations with q Q (1; 0) (F) * being non-trivial (cf. Theorem 1.7 and Example 2.5).
Even if q Q (1; 0) (F) * is non-trivial, the imaginary part of the Bott class is well-deÿned (see Section 1 for a precise deÿnition). It has for example the following properties: ÿrst, it is of the lowest degree among the secondary classes. If the complex codimension is equal to q, then the Godbillon-Vey class is of degree 4q + 1, while the imaginary part of the Bott class is of degree 2q + 1. Second, the Godbillon-Vey class of transversely holomorphic foliations are obtained as the product of the imaginary part of the Bott class and the ÿrst Chern class of the complex normal bundle (Theorem 1.7). Finally, the Godbillon-Vey class is rigid in the category of transversely holomorphic foliations (Theorem 4.2) while the imaginary part of the Bott class is variable ( [5] , cf. Example 6.1). Together with the similarity of the deÿnition, these facts indicate that the imaginary part of the Bott class is the most fundamental class for transversely holomorphic foliations. A version of the Heitsch-Hurder theorem for transversely holomorphic foliations will be formulated thus in terms of the imaginary part of the Bott class. But there is an important di erence between the imaginary part of the Bott class and the Godbillon-Vey class. Namely, natural representatives of the GodbillonVey class are of maximal transverse degree while those of the Bott class and its imaginary part are the sum of di erential forms of transverse degree from q to 2q. For this reason, the so-called the foliated cohomology will be introduced to formulate 'transverse degree-q part'. The cohomology of di erential forms of transverse degree at least r is denoted by H * (r) (M; F), and the relative cohomology obtained by ignoring di erential forms of transverse degree greater than r is denoted by H * (r; r+1) (M; F). Intuitively speaking, H * (r; r+1) (M; F) is the cohomology of transverse degree r-forms (see Section 3 for details). Given a transversely holomorphic foliation, one can naturally choose a representative of the ÿrst Chern class of the complex normal bundle whose transverse degree is at least one. Hence an element, denoted by Ch 1 (F), of H A localization theorem (in the sense of Heitsch-Hurder) is now as follows: Theorem 1. Let B(F) be the -algebra of Lebesgue measurable saturated sets. Naturally associated with the imaginary part of the Bott class, there is a class, denoted by ÿ q (F), in H 2q+1 (q; q+1) (M; F) with the following properties:
admits localization in the sense of Heitsch-Hurder. In fact, these localizations are written in terms of the Godbillon measure.
(2) Let Ch 1 (F) be the foliated ÿrst Chern class and ÿ q (F) ∨ B be the localized mapping given by (1), where B ∈ B(F). If we denote by GV 2q (F) B the localization of the Godbillon-Vey class in Theorem HH, then
is rigid under deformations of transverse complex structures.
In order to establish a version of Duminy's theorem for complex codimension-one foliations, it is necessary to ÿnd a good description of minimal sets, but almost nothing is known at present. The Julia set deÿned by Ghys et al. [14] can be considered as an approach to this problem. There are however some di culties which we have to overcome. For example, some foliations entirely consist of the Julia sets even though they are transversely Hermitian. One of the ways to rule them out is to consider the characteristic classes because they vanish in such cases. There are two secondary classes for complex codimension-one foliations: the Godbillon-Vey class and the imaginary part of the Bott class. If the complex normal bundle is trivial, we can deÿne in addition the Bott class. As in the case of Theorem 1, we expect that the imaginary part of the Bott class plays a similar role to the Godbillon-Vey class. Indeed, a residue of the imaginary part of the Bott class will be introduced (Section 5) and an analogue of Duminy's theorem is formulated as follows. Recall that H 3 (1; 2) (M; F) is intuitively the cohomology of transverse degree 1-forms.
Theorem 2. Let F be a transversely holomorphic foliation of a closed manifold, of complex codimension one. Then we have the following:
(1) The imaginary part of the Bott class, denoted by 1 (F), is completely determined by the residue res * J 1 (F) which depends only on the Julia set J and the behavior of F near J . The class 1 (F) is trivial if J is empty. This paper is organized as follows. First of all, we recall deÿnitions to ÿx notations. In Section 2, we introduce a certain S 1 -bundle and show some relationship between the Bott class and the Godbillon-Vey class. In Section 3, we introduce the localizable part of the Bott class as the 'transverse degree-q' part. This part is formulated in terms of the foliated cohomology. Theorem 1 except the part (3) is shown separately in this section (Corollary 3.7, Proposition 3.13, Lemma 3.15 and Corollary 3.16).
In Section 4, several notions of deformations of foliations are reviewed, and some rigidity results containing the part (3) of Theorem 1 are shown. In Section 5, we introduce a residue of the imaginary part of the Bott class as a modiÿcation of the residue of Heitsch (Deÿnitions 5.4 and 5.5). Theorem 2 is then shown by using this residue (Theorem 5.13). The structural theorems of Ghys et al. [14] play an essential role in this section.
The ÿnal section is devoted to examination of known examples of complex codimension-one transversely holomorphic foliations. Such examples show that the residue has close relationship to holonomy of leaves and also to deformations of transverse holomorphic structures.
Preliminaries
We recall some notions on transversely holomorphic foliations. Details can be found for example in [12, 15, 25] or [2] . We equip WU q with the di erential determined by requiring that dũ i = v i − v i and that
For an index set J = (j 1 ; : : : ; j q ) which consists of non-negative integers, we set v J = v [1, 25] .
The following fact is well-known.
Theorem-Deÿnition 1.5. The above correspondence deÿnes a homomorphism C from H * (WU q ) to H * (M ; C ) which depends only on the foliation F. We denote C (!) by !(F), where ! ∈ H * (WU q ). In what follows, we adopt C as the coe cient of the cohomology unless otherwise stated. Among the secondary classes, the following ones are the most important. Deÿnition 1.6. We deÿne the cocycles q and GV 2q by the following formulae:
We denote again by q and GV 2q the classes that they deÿne. The class q is called the imaginary part of the Bott class, and the class GV 2q is called the Godbillon-Vey class.
Usually, the Godbillon-Vey class of a real foliation of real codimension 2q is deÿned by the formula GV 2q = h 1 c 
The formula follows by comparing this equation with the deÿnition of GV 2q . This deÿnition is known to coincide with the one in the introduction using a trivialization of q Q (1; 0) (F) * .
A relation between the Bott class and the Godbillon-Vey class
In this section, we establish a relation between the Bott class and the Godbillon-Vey class of transversely holomorphic foliations by using a certain circle bundle. The Bott class is a kind of 'framed classes', namely, secondary classes deÿned for foliations with trivialized complex normal bundles. But the Bott has the special property that it is well-deÿned if the bundle q Q (1; 0) (F) is trivial, where q is the complex codimension. In view of this fact, we introduce the following: Remark 2.2. The bundle M • remains isomorphic even if we deform the foliation continuously because they depend only on Chern 1 (F). Note also that F can be seen as a foliation obtained from F • by taking the quotient by the natural S 1 -action, which is leaf preserving.
By construction, q Q (1; 0) (F) is trivial when pulled-back to M • . As the pull-back of
is well-deÿned and thus its relations with GV 2q (F) via projection can be discussed. For this purpose, ÿrst we construct a natural trivialization of q Q (1; 0) (F • ) as follows. Assume for a while that Chern 1 (F) is non-trivial. We ÿx a locally ÿnite adapted open covering {U i ×V i } i of M , then the transition functions ji are written as ji (x i ; z i )=(' ji (x i ; z i ); ji (z i )), where ji 's are holomorphic. We denote by ji the matrix obtained by di erentiating ji by z i (note that z i is not a single valuable if q ¿ 1). The bundle M • is obtained by gluing the open sets
1 is considered as the unit circle in C . On the other hand, it is easy to construct a family of local q-forms a i (d z i ) q such that each a i is a positive real-valued smooth function and that
If Chern 1 (F) is trivial, then there is a trivialization of q Q (1; 0) (F) * such thatQ (0; 1) (F)=ker . We set = (1=w) * , where is the projection from M • to M .
The main purpose of this section is to show the following: 
(2) We have the formulae
where |J | = |K| = q and ! denotes the integration along the ÿber. In particular,
(3) If GV 2q (F) is non-trivial, then both the real and the imaginary parts of
To show the formulae in (2), ÿrst we note that it su ces to work on q Q (1; 0) (F) * to computẽ u 1 and u 1 because they are given by taking the trace of the connection matrices. Let
q } be the local q-forms used to deÿne , and let h be a Hermitian metric on Q (1; 0) (F) which induces on q Q
(1; 0) (F) * the metric locally given by a 
Since e i is a local orthonormal basis, the corresponding connection form of ∇ h is skew-Hermitian. Asũ 1 can be calculated by using traces,
Note that the right-hand side is now a globally well-deÿned 1-form which is locally equal to
) is by deÿnition given as the trace of the di erence of ∇ • b and the at connection with respect to . We use e i again as a local trivialization of q Q (1; 0) (F • ) * , then the trace of the connection form of ∇ • b is simply obtained by pulling back Á M . On the other hand, the at connection is given by
. Since the only term that contains dw i is dw i =w i ∧ * v J (∇ b ), the integration of the class u 1 v J (F • ; ) along the ÿber is represented by the di erential form
which is equal to −v J (∇ b ). Note that the integrand is globally well-deÿned since |J | = q. As the Chern class is a real class, the ÿrst formula in (2) is proved.
The second formula in (2) is now shown as follows. As |J | = |K| = q, we have
Since the classes
do not depend on the choice of connections, we obtain the formula by integrating the above equality.
In order to show (3), we write Bott(
The ÿrst claim immediately follows from this. Suppose that q (F) is written as
By similar arguments, the following can be shown. As they are not used in the following, we do not get into details. Example 2.5 (Asuke [4] ). We consider U(q) as a subgroup of SL(q + 1; C ) via the mapping g → (det g) −1 ⊕ g, and SU(q) as a subgroup of SL(q + 1; C ) via the natural inclusion of SU(q) into U(q). Consider the foliationF of SL(q + 1; C )=SU(q) by the left cosets of the group H deÿned by
namely, the leaf passing through g is given by gH . As H ⊃ U(q), H deÿnes also a foliation F of M , where M =SL(q +1; C )=U(q). Noticing that Chern 1 (F) is essentially the ÿrst Chern class of the tangent bundle of C P q , we can follow the above construction of M • by using (1=(q + 1))Chern 1 (F) instead of Chern 1 (F). By abuse of notation, we denote M • the resulting manifold. The foliationF is then obtained as the foliation F • of M • . Remark that M • can be considered as the 'ÿberwise Hopf ÿbration' over M .
The class Bott q (F) is calculated as follows. Let ! i; j be the natural basis of gl(q + 1; C ), where rows and columns are counted from zero. On sl(q+1; C ), ! 0; 0 +· · ·+! q; q =0. We set =! 0; 1 ∧· · ·∧ ! 0; q , then ker =Q (0; 1) (F). It is easy to see
q , where c is a non-zero constant. It is shown in [4] that GV 2q (F) = c (! 0; 0 + ! 0; 0 ) ∧ (d! 0; 0 ) q . Hence the class GV 2q (F) is certainly obtained by integrating Bott q (F) · Bott q (F) along the ÿber. Note that this construction is invariant under the natural left action of SL(q + 1; C ) so that we can pass into locally homogeneous spaces of the form \ SL(q + 1; C )=U(q). This space is naturally equipped with a transversely holomorphic foliation F induced by F. It is known that the Godbillon-Vey class of F is non-trivial (see [4] for the details).
There is an application of Theorem 2.3(2). Any complex secondary class, say, induces the discontinuous invariants r in the sense of Morita, where r = 1; 2; : : : . They are elements of Q C . Together with Example 2.5, we have the following corollary which has essentially already appeared in [24] : Corollary 2.6 (Morita): Let (M; F) be a transversely holomorphic foliation such that the class
The latter is non-trivial by Theorem 2.3.
We refer to [4] or [26] for more examples of transversely holomorphic foliations with non-trivial Godbillon-Vey classes.
Localization of the Bott class
In this section we consider transversely holomorphic foliations of closed manifolds. We deÿne a certain cohomology class which will be called the localizable part of the Bott class, and show that it is the essential part if we talk about the relation with the Godbillon-Vey class. Here localization in mind is in the sense of Heitsch-Hurder. Indeed, localization is deÿned in the same way as in [21] for the Godbillon-Vey class, namely, by constructing from the Bott class a certain measure on B(F), the -algebra of Lebesgue measurable saturated sets. As we mentioned in the introduction, the localizable part of the Bott class is formulated in terms of foliated cohomology.
Some notions and constructions as in [21] are needed, so we follow it with adaptations to our case. The following discussion of foliated cohomology, its associated ÿltrations and cohomology exact sequences are mostly standard but we present them for ÿxing notations. A fundamental reference is [27] .
First we introduce certain subalgebras of the algebra * (M ) of di erential forms on M . Let (U × V; (x; z)) be an adapted coordinate, where x = (x 1 ; : : : ; x r ) and z = (z 1 ; : : : ; z q ). For an index set I = (i 1 ; : : : ; i q ) which consists of either 0 or 1, we set d
J is deÿned in the same way. Remark 3.2. The above deÿnitions are related as follows with classical treatments of the foliated cohomology found for example in [28] or [27] . We ÿx a Riemannian metric on M , then the tangent bundle TM is decomposed as TM =T F⊕(T F) ⊥ , where (T F) ⊥ is the vector bundle which consists of the vectors perpendicular to the leaves. The natural projection from TM to Q(F) = TM=T F induces an isomorphism from (T F) ⊥ to Q(F). This decomposition induces a decomposition of * (M ), namely, we set Note that these cohomologies are independent of transverse holomorphic structures. Note also that
There is a following long exact sequence:
(s) (M; F) → · · · ; where p 6 s. Here the mapping is induced by the di erential d. Note also that there is a series of natural mappings as follows, namely,
We denote by (p ; p) the natural mapping from H * (p) (M; F) to H * (p ) (M; F) for p ¿ p . The family {I (p) } p¿0 deÿnes a natural ÿltration of H * (M ): . In addition, the class x has a simple meaning, namely, it is the 'transverse degree-q'-part in the sense that it depends only on the part of the class x which cannot be written in terms of * (q+1) (M ). Later the 'localizable parts' ÿ q (F) and Bott q (F; ) of the classes q (F) and Bott q (F) are deÿned as elements of H 2q+1 (q; q+1) (M; F). These classes will be introduced for their formal properties. Actually it is almost impossible to calculate the group such as H 2q+1 (q; q+1) (M; F). This makes very di cult to detect directly the classes ÿ q (F) and Bott q (F; ). It seems at present that the only e ective way is to use the Godbillon-Vey class or the product Bott q (F) · Bott q (F).
Localization in the sense of Heitsch-Hurder can be reformulated by using relative groups as follows. First, there is the following pairing: 
The mapping x ∨ B has the following elementary but important property:
holds as mappings deÿned on H * (2q−p−p ) (M; F).
Proof. Noticing that the localization is deÿned by the wedge product and the integration, this is in fact a corollary to Lemma 3.6.
The domain of deÿnition of x ∨ , where x ∈ H * (s) (M; F) is slightly larger than that of x ∨ , where
x ∈ H * (s; s+1) (M; F). Namely, there is the following property:
Lemma 3.10. Let x be an element of H * (s) (M; F). Then x ∨ is well-deÿned as a mapping from I (2q−s) to H * (M ).
Proof. Given y ∈ I (2q−s) , choose any elementỹ ∈ H * (2q−s) (M; F) such that (0; 2q−s) (ỹ) = y and set x ∨ (y) = x ∨ (ỹ). The right-hand side indeed depends only on y because x is represented by a closed form.
In what follows, we ÿx a trivialization of q Q (1; 0) (F) * when the Bott class is discussed. Recall that for any Bott connection ∇ b , the di erential form v 1 (∇ b ) belongs to (1) We denote byÿ q (F) the element of H It will turn out that the class ÿ q (F) and Bott q (F; ) are more natural thanÿ q (F) and Bott q (F; ). See Proposition 3.13 and Corollary 4.9 for details. Remark 3.12. Recall that by ÿxing a Riemannian metric on M , the (q + 1; q)-component of the di erential form q (∇ b ; ∇ h ) is deÿned. It is easy to verify that this (q + 1; q)-component determines the same class as ÿ q (F) in H 2q+1 (q; q+1) (F).
The following properties of these classes as mappings are immediate: Proposition 3.13.
The same is valid for the Bott class if it is well-deÿned.
Proof. The ÿst claim follows from Lemma 3.10. The second claim is a consequence of the deÿnitions and Corollary 3.7.
The natural representatives of Bott q (F) · Bott q (F) are of maximal transverse degree, and thus deÿne a class in H * (2q) (M; F). So the localization (in the sense of Heitsch-Hurder) of this class in H * (2q) (M; F) to any B ∈ B(F) deÿnes a class in H * (M ), which can be denoted by (Bott q (F) · Bott q (F)) B by abuse of notation. This class has the following property: Corollary 3.14. We have the formula
where B ∈ B(F) and the right-hand side is the localization in the sense of Heitsch-Hurder. Namely, the left-hand side determines an element of H 4q+2 (M ), which is equal to
Proof. First note that the wedge product induces a well-deÿned mapping
because * (2q+1) (M ) = {0}. This mapping is clearly compatible with the mapping
namely, if y ∈ H * (q; q+1) (M; F), x ∈ H * (q) (M; F) and x is the projection of x to H * (q; q+1) (M; F), then y ∧ x = y ∧ x . Proposition 3.9 now shows that
because H * (2q; 2q+1) (M; F)=H * (2q) (M; F). Finally, the right-hand side is by deÿnition equal to (Bott q (F)· Bott q (F)) B .
In the situation as in the previous section, we can apply the above formula by replacing M , F, B with M • , F • and B × S 1 , respectively. We can then integrate the formula along S 1 and obtain the localized Godbillon-Vey class.
The following lemma is very important, because it permits us to apply the results on the Godbillon measure found in [21] [22] [23] 
(M; F) and B ∈ B(F).
Proof. This holds because Ch 
where B ∈ B(F) and the left-hand side is the localization of the Godbillon-Vey class in the sense of Heitsch-Hurder.
The Godbillon measure is studied very well. For example, we have the following:
Corollary 3.17. Suppose that for some Riemannian metric on M , almost every leaf of F has subexponential growth. Then ÿ q (F) ∨ M is the zero map.
Proof. This is a corollary of Theorem 1 in [22] . Proof. This is a corollary of Theorem 3.11 in [23] .
Deformation of foliations and variation of characteristic classes
The secondary characteristic classes of foliations may vary continuously as foliations are deformed continuously. We discuss certain rigidity properties of the localizable part of the (imaginary part of the) Bott class under deformations.
One of the simplest deÿnition of the deformation is as follows:
Deÿnition 4.1. Let {F t } be a family of transversely holomorphic foliations of a ÿxed codimension, of a ÿxed manifold M . Then {F t } is said to be a continuous deformation of F 0 if {F t } is a continuous family as plane ÿelds and the transverse holomorphic structure also varies continuously. If the family is in fact smooth and the transverse holomorphic structure varies smoothly, it is said to be smooth.
Forgetting the assumption on transverse holomorphicity, one obtains a deÿnition for real foliations. It is well-known that the Godbillon-Vey class can vary continuously under deformations in this sense (cf. [19] ). In the category of transversely holomorphic foliations, the following is known. The ÿrst part is due to Bott [5] : Recalling that the Godbillon-Vey class can be obtained by using the localizable part ÿ q (F) of the imaginary part of the Bott class, one can expect some rigidity properties for ÿ q (F). A di culty is that it is deÿned in terms of foliated cohomology such as H * (q; q+1) (M; F), which do not remain the same in general under deformations because the di eomorphism type of the foliations may be changed. Thus we cannot speak directly of deformations of the classes such as Bott q , ÿ q , etc. However, assuming that there exists a smooth one-parameter family of di eomorphisms which conjugate each F t to F 0 , the foliated cohomology remains isomorphic. Under this assumption, it is known that inÿnitesimal deformations, which we will recall below, determines elements of H * (s) (M; F) (cf. [27] for the real case, and see Theorem 4.8 below). Such a situation occurs when one considers deformations of transverse holomorphic structures.
Before proceeding further, we introduce a restricted type of deformations. (1) Suppose that there exists a smooth family of di eomorphisms which conjugate each F t to F 0 . Then {F t } is called a deformation preserving the di eomorphism type.
(2) Particularly if F t is identical to F 0 as real foliations, the family {F t } is called a deformation of transverse holomorphic structures.
Note that a deformation preserving the di eomorphism type can be considered as a deformation of transverse holomorphic structure, after conjugating by the given family of di eomorphisms. Note also that simple examples such as ÿber bundles over complex manifolds, where the leaves are ÿbers, often admit deformations of transverse holomorphic structures.
For a precise formulation we also need a notion of inÿnitesimal derivatives of secondary classes due to Heitsch [18] (see also [17] ). Inÿnitesimal derivatives are formulated in terms of the following spaces: Deÿnition 4.4. We denote by F the sheaf of the germs of transversely holomorphic sections of Q (1; 0) (F) which are constant along the leaves. The space H 1 (M ; F ) can be considered as the space of inÿnitesimal deformations ( [12, 15, 18] . See also [14] It is known that any smooth deformation {F t } induces a unique element of H 1 (M ; F ) which is called the derivative of the deformation. In fact, it is given by taking the di erential of the family (see [18] ). If the family is in fact a deformation of transverse holomorphic structures, the derivative of the deformation naturally determines a unique element of K.
The inÿnitesimal derivatives of secondary classes for transversely holomorphic foliations is deÿned as a mapping D :
by slightly modifying the construction in [18] . We ÿrst replace the space ' * ⊕ T * M ' in [18] withQ (0; 1) (F) (this appeared as 'E' in [12] ). Secondly we replace the operator 'd' with the operator d Q which is deÿned locally by the formula
where indices of x and z are omitted. In other words, we replace the 'basic connections' with the complex Bott connections. It is known that d Q gives a resolution of the sheaf F [12] . The rest of the procedures are completely parallel.
In deÿning the mapping D, Bott connections and its derivative are used. If ∈ H 1 (M ; F ) is induced by a smooth deformation {F t }, then the inÿnitesimal derivative of the Bott connection ∇ b of F 0 is given by d=dt∇ b; t | t=0 , where ∇ b; t is a smooth family of Bott connections such that ∇ b; 0 = ∇ b (see [18] for details and deÿnitions in general case).
If we assume that a foliation F has trivial ÿrst Chern class, then any deformation of it will have the same property. Thus, we can deÿne the Bott class and consider inÿnitesimal deformations of it. The inÿnitesimal derivatives of the imaginary part of the Bott class and the Bott class, if deÿned, are given as follows: 
If a smooth one-parameter family {F t } as in Deÿnition 4.1 is given, one can consider the inÿnites-imal derivatives for each t. As those derivatives belong always in * (H * (M )), one can integrate these derivatives. Thus the last part follows from Theorem 4.6.
In our context, the following fact is important (cf. [27] in the real case).
Theorem 4.8. The inÿnitesimal derivatives of q and Bott q are naturally elements of H * (q) (M; F). For the inÿnitesimal deformations corresponding to deformations of transverse holomorphic structures, the derivatives are contained in the image of H * (q+1) (M; F).
Proof. It is not di cult to see that the Heitsch's proof in [18] of the well-deÿnedness of the inÿnitesimal derivatives as an element of H * (M ) in fact works as well for H * (q) (M; F).
In order to show the second claim, we adopt the notation in [18] and work on the principal bundle P associated with Q (1; 0) (F). Recall that inÿnitesimal deformations of transverse holomorphic structures are given by sections such that | T F⊗C is trivial. This means that d − Â ∧ is not only written as −Â ∧ ! but as −Â ∧ !, where Â is the local form of the Bott connection and ! is the canonical 1-form on P. Hence we may assume that Â is transversely of type-(0; 1). It follows that the di erential forms in Deÿnition 4.5 belong to 2q+1 (q+1) (M ).
The latter half of Theorem 4.8 applied to the classes ÿ q (F) and Bott q (F; ) implies that the inÿnitesimal derivative induced by elements of K of the (imaginary part of the) Bott class belongs to 1-higher level of the ÿltration (see Deÿnition 3.4 and comments after it). This implies the following rigidity property. Recall that inÿnitesimal derivatives are localizable by Theorem 4.8 and Corollary 3.7.
Corollary 4.9. The class ÿ q (F) and the mapping ÿ q (F) ∨ B are rigid under inÿnitesimal deformations of transversal complex structures. In particular, the imaginary part of the Bott class q (F) as a mapping from I (q) to H * (M ) is inÿnitesimally rigid under such deformations.
Proof. Recall that there is an exact sequence as follows:
Hence ÿ q (F), which is an element of H * (q; q+1) (M; F), remains the same under inÿnitesimal deformations of transverse holomorphic structures. The last part follows from (1) of Proposition 3.13.
The codimension one case
In this section we restrict ourselves to complex codimension-one foliations of closed manifolds and show Theorem 2, a version of the Duminy's theorem. As we explained in the introduction, it is the imaginary part of the Bott class that plays the role of the Godbillon-Vey class. But as the imaginary part of the Bott class does not admit the localization in the sense of Heitsch-Hurder (e.g. Examples 6.1 and 6.4), we need the notion of residue. By using this residue, the behavior of the imaginary part of the Bott class is shown to be determined only by the foliation near the Julia set in the sense of Ghys-Gomez-Mont-Saludes. Theorem 2 will be obtained by this property and by some properties of localizable parts.
We begin by recalling the residue in the sense of Heitsch [19, 20] .
Deÿnition 5.1. Let (M; F) be a transversely holomorphic foliation of M of complex codimension q.
(1) A vector ÿeld X is said to be a -vector ÿeld for F if X is locally written as j f j (x; z)9=9x j + a g a (z)9=9z a + b k b (x; z)9=9 z b with g a 's being holomorphic and constant along the leaves. A -vector ÿeld X is said to be singular at p if X (p) ∈Q (0; 1) (F), that is, g a (z) = 0 for all a at p. Note that the singular set of X is saturated. The condition that X is a -vector ÿeld implies that F and X form a transversely holomorphic foliation of complex codimension q − 1 out of the singular set.
Let be the homomorphism of di erential graded algebras from WU q to WU q−1 with the properties (ũ i ) =ũ i , (v i ) = v i , ( v i ) = v i for i ¡ q and (ũ q ) = 0, (v q ) = ( v q ) = 0. Cocycles which belong to the kernel I q of , and the classes represented by them are said to be residual. Note that any cocycle of WU 1 is residual, as the curvature forms vanish when calculated by using basic X -connections.
The residue is originally introduced in [19] as follows. The residue is known to be independent of the choice of connections and neighborhoods (cf. [19, 20] ).
In the category of transversely holomorphic foliations with trivial complex normal bundle, the residue is deÿned in [20] . The class q is not residual in this sense if q ¿ 1 (by Examples 1 and 2 in [20] ), but 1 is still residual because 1 belongs to WU 1 . In fact, we have the following: Proposition 5.3. Let F be a transversely holomorphic foliation of complex codimension one with trivial complex normal bundle, then for any trivialization of Q (1; 0) (F), res 1 (F; X; N ) = −2 Im res u1v1 (F; X; N; ).
The proof is straightforward and we omit it. We use the following modiÿed version of the residue. The deÿnition works for any codimensional case, but our application is only for transversely holomorphic foliations of complex codimension one. Suppose that K can be decomposed into several connected components: (1) res * U !(F) does not depend on the choice of adapted pairs.
, where -UV is the inclusion of V to U and -UV * is the induced homomorphism from H * c (V ) to H * c (U ) as the extension by zero. In other words, {res * U !(F); H * c (U ); -VU * } forms an inverse family.
Proof. To show (1), it su ces to check that two adapted pairs can be connected by a one-parameter family of adapted pairs, which can be done by standard arguments. The part (2) follows from the fact that a V -adapted pair is also an U -adapted pair.
Formally speaking, we consider the following objects.
the residue of !(F) at K. The residue depends only on the germ of F at K by construction.
The following property is important but clear.
Lemma 5.8. Let M , U , K and ! be as above. If we denote by -the inclusion of U to M , then
The reason why we call res * U !(F) the residue is the following:
Theorem 5.9. Suppose that F is of complex codimension one. Let N , U and X be as in Deÿnition 5.1 (2) . Denote by ! the integration along the ÿber:
, where the right-hand side is the residue in the sense of Heitsch.
Proof. First note the fact H
The -vector ÿeld X is locally written as X = f j (x; z)9=9x j + g(z)9=9z + k(x; z)9=9 z, where g(z) = 0 if and only if (x; z) ∈ K. Since F is transversely holomorphic, if we set h = 1 |g| 2 d z ⊗ d z, then h is a holonomy invariant Hermitian metric on Q (1; 0) (F) deÿned out of K. We consider the connection deÿned out of K whose local form with respect to 9=9z is −g −1 (9g=9z) dz, then this connection is both a Bott and a Hermitian connection. It is straightforward that this connection is also a basic X -connection. Hence, on neighborhoods of M \K, we can use this connection to calculate both res * U !(F) and res ! (F; X; K). This completes the proof.
The following theorem is the basis for the main application of the residue.
Theorem 5.10 (Ghys et al. [14] ). There is a decomposition M = F ∪ J such that J is a closed saturated set and that F| F is transversely Hermitian. Moreover there is a measurable decomposition of J into 'components': J = J 0 ∪ J 1 ∪ · · · ∪ J r . J 0 is called the recurrent component and J r , r ¿ 0, are called ergodic components.
The set F is called the Fatou set and J is called the Julia set. The decomposition of J is related to inÿnitesimal deformations of transverse holomorphic structures. Intuitively speaking, J 0 is the 'rigid' component and the others are not. We refer to the original article for the details.
Remark 5.11. The decomposition of M into F and J is unique but it is possible that F restricted to J is transversely Hermitian.
The following fact shows that the localizable part can exclude not only the Fatou sets but also some 'trivial' Julia sets. Proof. We deÿne on B a deÿning 2-form of the foliation by using a transverse Hermitian metric as in the statement, then its tangential derivative is zero. Hence ÿ 1 (F) ∨ B = 0 by Theorem 2.7 of [21] .
Before stating Theorem 2, we brie y recall the essential part of Duminy's theorem in the introduction:
Theorem D (Duminy): Let F be a real codimension-one foliation of a compact manifold M and let B ∈ B(F), then GV 1 (F) B = 0 only if B contains a resilient leaf.
Recall that a leaf of a foliation is said to be resilient if it has a contracting holonomy which attracts the leaf itself, and that resilient leaves have exponential growth.
Finally, summing up the arguments in this paper, we obtain the following version of Duminy's theorem for transversely holomorphic foliations of complex codimension one. We restate it as Theorem 2 in the introduction for convenience.
Theorem 5.13. Let F be a transversely holomorphic foliation of a closed manifold, of complex codimension one. Then we have the following:
(1) The imaginary part of the Bott class, denoted by 1 (F), is completely determined by the residue res * J 1 (F) which depends only on the Julia set J and the behavior of F near J . The class 1 (F) is trivial if J is empty. Remark 5.14. If the Julia set is a submanifold of codimension at least one, then the mapping ÿ 1 (F) ∨ J vanishes because J is of Lebesgue measure zero. On the other hand, as examples show, the residue does not vanish in general even in such cases. It is indeed realized as an element of H 1 (J ) or H 2 (J ) via integration along the ÿber. This will be an explanation for the fact that the Bott class can be non-trivial even for the foliation with simple dynamics such as a classical example of Bott (Example 6.1). We note however that this example is deeply related with deformations of complex structures of S 1 × S 3 [16] .
Examples
First we recall a classical example of Bott [6] .
Example 6.1. Let S 3 be the unit sphere in C 2 . We denote by X the holomorphic vector ÿeld deÿned by the formula X = 0 z 0 9=9z 0 + 1 z 1 9=9z 1 . If 0 1 = 0 and if 0 = 1 is not a negative real number, then this vector ÿeld induces a transversely holomorphic ow on S 3 , which we denote by F . It is well-known that 1 (F ) = (−1=
2 ) Im( 0 = 1 + 1 = 0 ) vol S 3 , where we consider the volume of S 3 as 2 2 . On the other hand, it is easy to see that the Julia set of the foliation F consists of two circles C 1 and C 2 passing respectively through (1; 0) and (0; 1) unless 1 = 0 ∈ Q, where all the orbits are periodic.
We choose a small disc bundle D i over C i , and denote by i the projection (i = 1; 2). Simple calculations show that where we consider the volume of C 1 and C 2 as 2 . Thus certainly the class 1 (F ) is localized (in the sense of Duminy) to neighborhoods of the Julia set because the Thom isomorphism is given by multiplication by . Note that in this case J = J 0 .
so that the vector ÿeld X induces non-singular transversely holomorphic foliations (in fact, ows) F i of the spheres S 3 i appearing as the boundary of U i . We set X n = C P 2 \ ( n i=1 U i ), then by taking the double of X n we obtain a four-dimensional manifold M n equipped with a transversely holomorphic foliation F. We denote by -i the natural inclusion of S The values of these classes clearly re ect the fact that the Julia component of F corresponding to Im 1 = 0 of 1 (F 1 ) approaches to p 3 and yields again the same value to 1 (F 3 ). The same is true for other Julia components. The class 1 (F) is given by the triple ( 1 (F 1 ); 1 (F 2 ); 1 (F 3 )).
Next, we examine Examples 8.4, 8.8 and 8.9 of [14] . We brie y recall the construction. Example 6.6. Let B be a closed manifold and h be any homomorphism from 1 (B) to PSL(2; C ). Then we can form a foliated C P 1 -bundle E over B so-called the suspension of h. Such a foliation, say, F can be largely classiÿed into three types after the image of 1 (B). The case of our interest is the case where is non-discrete, non-abelian and contained in A (R). In this case, the part of E corresponding to the real circle is the Julia set of F, and the rest is the Fatou set.
This example can be modiÿed as in Example 8.8 of [14] . That is, choose B and h appropriately so that we can ÿnd in the Fatou set of E a leaf W di eomorphic to B. After removing a small tubular neighborhood U W of W and taking a double, we obtain a new manifold E 2 equipped with a foliation F 2 whose Julia set is two copies of the original one. This construction can be continued so that one obtains a closed manifold E n with a foliation F n whose Julia set consists of n-copies of the original one.
More generally, we begin with several foliated manifolds (E i ; F i ) constructed as above such that the foliations appearing on the tubular neighborhood U Wi of a leaf W i in the Fatou set of F i are the same. Then these manifolds can be glued to yield a closed manifold equipped with a transversely holomorphic foliation. We call this manifold as M and the foliation as G.
For examples such as Example 6.6, we can use another kind of 'residue' which can be very easy to handle and we can show the following: Theorem 6.7. The classes 1 (F), 1 (F i ) and (G) are trivial.
Proof. First recall that the total space E is decomposed into four pieces according to the invariant spaces under the action of A (R) on C P 1 . We denote by E ∞ the part corresponding to {∞} and E C the union of the rest, then E ∞ is di eomorphic to B and the foliation F restricted E C is transversely a ne. Hence, under the same notations as in the second section, the di erential forms such as ddet ji or d|det ji | are identically equal to zero since the functions ji are now a ne. This permits us to set the local connection forms i 's to be zero. Let ∇ 0 be a complex Bott connection such that i =0 out of a small neighborhood U of E ∞ , then the di erential form 1 (∇ 0 ; ∇ h ) vanishes out of U for any choice of Hermitian connection ∇ h . The same arguments as in deÿning the residue res * in the previous section, we see that the above di erential form deÿnes a version of the residue at E ∞ as an element of H 1 (E ∞ ) independent of the choice of connections (we consider only the Bott connections which vanishes out of a neighborhood of E ∞ ). For a moment we denote this element by res A E∞ 1 (F) and call it the a ne residue of 1 (F) at E ∞ . We show that res A E∞ 1 (F) = 0 by arguments similar to those of the proof of Theorem 3.1 of [20] .
Let ∈ 1 (E ∞ ). We may assume that is an immersed loop in E ∞ , and choose a mapping : S 1 × B → E as in the structure lemma (Proposition 2.1) of [20] . Then B is an open neighborhood of the origin in C and (S 1 × {0}) = . The induced foliation of S 1 × B from F is clearly the suspension of h( ). That is, we equip R × C the foliation given by 9=9t, where t is the natural coordinate of R. Then take the quotient, say, W of R × C by the mapping (t; z) → (t + 1; h( )(z)), where z is the natural coordinate of C . The foliation of S 1 × B is identiÿed with the foliation of W restricted to a small neighborhood of in W .
In general, h( ) is of the form h( )(z) = z=(a + bz). We choose complex numbers and ÿ so that e = a and that ÿ= (e − 1) = b, then the mapping is given by the formula ( Note that h(1; w) = h( )(w) and that h(s; h(t; w)) = h(s + t; w). A computation shows that the foliation pulled-back to S 1 × B is given by the vector ÿeld * 9 9t = 9 9s + w( + ÿw) 9 9w :
Hence the 1-form −( + 2ÿw) ds gives a Bott connection near S 1 × {0}. On the other hand, the connection ∇ 0 , which is given by −2 dz=z near the boundary of (S 1 × B), corresponds to ds − 2 dw=w when pulled-back to S 1 × B. Let g(r) be a smooth function on R such that g(r) = 0 if r 6 0 and g(r) = 1 if r ¿ 1 − for some . Then we may assume that ∇ 0 is given by the 1-form −( + 2ÿw) ds + g(|w|) 2 ds − 2 dw w ;
where we assume for simplicity that B is the unit disc. Finally, a Hermitian connection is given by the 1-form −2 w dw=(1 + |w| 2 ). By using these connections, we have (∇ 0 ; ∇ h ) = 1 4 (−2 (1 − 2g(|w|)) ds) −2 9g 9r
We rewrite w as re It follows that dr (∇ 0 ; ∇ h ) = 0, that is, res A E∞ (F) = 0. The construction shows that the classes 1 (F i ) and 1 (G) are given as a sum of the images of res A E∞ (F) described as above. Thus these classes are also trivial.
Remark 6.8. In general, if a foliation F does not have wandering Fatou components, then the foliation F restricted to the Fatou set is transversely a ne. Thus we can speak also of a ne residue of the Julia set in such a case.
Example 6.9. The Julia set of the foliation \SL(2; C )=U(1) as in Example 2.5 is shown to be the whole manifold. Noticing that this example is essentially realized as the suspension of a representation of in PSL(2; C ) acting naturally on C P 1 , we see that J = J 0 , the recurrent component. This is due to the rigidity of the complex structure of C P 1 and due to the Mostow rigidity (the necessity of the latter reason is pointed out by E. Ghys). Consequently, we have 1 (F) = res * J0 1 (F).
